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Reviewof Group theory :-

Group Theory is the study of symmetries
in physics· Symm-

etries of a physical theory one sets of transformations which leaves some

properties of the physical theory
invariant - thosetransformations can

be thought of as elements of group .
Given a set ofIansformatous

Ti
,
Ts, . . . . if we perform the firsttransformation on the physical

theoryti , then perform subsequent transformation is ;
the

result from both the transformation can be thought of as a transforma

how Th which belong
to the same set : We write it as T5 . Ti =Th

Lm

--

Thus we want the Group
to follow thisclosure properly I

firstTi then

Pef" : A Group G is a set with a rule for assigning TJ

⑦-

to every Cordered) pain of elements
,
a third dement obeying

④ If figEG then h = fgEG

④ For fig,ht4 then figh) = (19)h

⑭ ftG -c : ef = fe = f

⑭ # f -G them evist an inversef such that ff"= f'f
- C

Thus if a group
is discrete the group is a mulilication table

mininggesawasie



Det" :- A Representation of G is a mapping D of the elements of
--

G onto a set of linear operators with the following property :-

① D(2) = 12 idently operator in space on which
hineal

operator act

④ D(q) D(g2) = D (9192)
-

2
-

group multiplication
natural mullplication

in the linear space on which

~
no of

elements in
Quite

Linea operators acto
group-

Seaml -

*La
:

growposoris & is Abelian

since for giq2tG

q , q2
= G2 96

-> One Representation of E3 is (t-dimensional Representation]
44i)3

2πi(3
P(c) = 1 D(a) =

e
D(b) = e

- There is one another way of reprmentaling Es. The
trick is t

take group
elements and form an orthonormal

basis for a vedor

space (2), (a) and 167 . Now we define :-

D(q) (q2) = 19 / 927

This is indeed a representation called the regular

representation. Lets find the regular representation corresponding to



D(dx) = 1 + id < aXa + ....
where

IDialI↓
Thisa called generators of Group

Now if we go away from the idently in some fined direction

wecan justwain the infuilesimal group element

R · da Xa

D(c) = lim [I + iddaxa > I
C

k-> & m

=
Thus this mean that We can write group elements in

terms of the generators.

However if we mulkply too group elements generated byIwo

different lineal combination of generators then

i (4 a + Ba) Xa
cidaxa elBbXb + e

But the product
↑ In the representation should he

some exponential of generator

·
0 C

iaaxa eiBbXb
=
elSaXa

Weshall now expand both side and equate powas of
d and B .

let us check leading order

↑ Saxa = In [1 + eidaxa eiBbXb - 1]
-

K



K =
eidaxa ,

iBbYb - 1

= (Henaxa - -( <axal2+..) (1 + i * bXb -E (Bbxb)

+... - I

=
i <ava + iBbXb - 2 (daxa) - =(BbXb) 2

-
LaxaBbXb

Now

iSaXa = K - Ek2

= inaxa + iBb Xb--(daxa)" -E(BbXb)

- daXaBbYb + I (4aXa + BbXb)
2

= idava + :Baxa-1 [daXa ,
B6Xb]

The whole thing is WcXC

-
=> [daxa Bbxb] =

- 2i <dc - ac- Bc) Xc + -

u

i

Let say a = 21 , 23 then repucent
terms that have

[C , X1 + 22X2 ,
B ,
X 1 + B2x 2]

more than two

= [d1X1 ,
BIX , ] + Cd , 4 , + B2Y2] factors of L or

-> [d2X2 ,
B 1 41] + [9242 , B242]

= 4. B , [X1 ,
X 1] + daB2[X , 42] + 22B , [X241]L

+ 42B2[/x2]

= < 1 B2 [X ,
X 2] + G2B2/42X1]

which can be generalized de aaRb [xa ,
Xb]



The right hand side can be defined i IWcXCE

where uc = - 2(62 - 4 - Be)
Thus we can define some

constants faba for which

XcAaXs]=
i fabr

We ↳
Generators form

Enchaning a and by get
an algebra under

[Xb ,
<a] = ifbac Xc commutation

=> - [4a
,
Xb] = i tbac Xc

=> -Abac

2
These are called structure

constant

# Su(2) algebra is familia

2 Ji
,
Jn] = the

Je

Lets now move towards 50 (3
, 1) group which is the group of

outrogonal transformakous with determinant t which presence

the sguar of the Minkowski norm

do-4 - x2 - Ng2
.

Let us now look at the transformation of helds under
Lovenlz

group.
For a scalce feed

,

the transformation lac is given a

d - (12)

For a vector feed An
,

the transformation law is

An -> NeAr(1-x)



The above feeds descube elements with integer spins. But if we

want to describe transformation law of half-intege spins we

can write a general laco for felds

I da(x) -> D(n) Pp(1 x)=>ab
- Y This can be more

Representation
of Lorentz

complicated malrin depending
transformations

on what sort felds we

are describing .

For most of

The Elements of the Lorenz group 1
our theory ,

we shall be needing
the fields that descubes

has certain properkes which needs

Spin ' parble, which
one

to be salished by
the representation

electrons
, protons etero

④ If1 ,
N2 En then

& I 2
= 13 ED ,

then we have

D(11) D(12) = D(1,12) = D(B)

Now /or 1 andN we have

(1) D(n+ ) = D(11 - 1) = D(#) =
m

=F= (D(1)]- first property of

d
the representation

Thus the representation ↓ forms a

finite dimensional representation of Lorentz group .

Let us suppose D(1)
is a representation then

D(1) = T D(1) T for any fined T is also

a representation



to prove this

D(1D'D(12)' = T (1) +" + D(12) T

# If too representations = ↑ D(11) D(12) 5

are related in this way
=+ D (1 , 2)Tthen we say

D(1)wD'(1)
(equivalent)

= D 1 , 12)
- which salsties mulkplicatio

law of representation .

Thus we can see that given a representation We can alsocys

perform similarly transformation to get a different representation

which are equivalent to previous one. There is one more way of

generating representation from the old one - Suppor D' (1) and

D2(1) of dim M ,
and dim n2 are two representations ,

then we

can make.

D(1) =

L
D("(1)

I = D(1) D(1)
L D(Y)(1) d

This too is a Direct Sum

representation
with dim D(1) = dimD (1) + dim[ (1)

But we are not interested in representation' that can be written

Creduced) into direct sum . We call such representation
"reducible"

.

so our task will be to and all the irreducible Quite dimensional

representation of the Lorentz Group - lets first compute the irreducible

representation of a subgroup
which is Rotation group 30(b) ·

c

group of rotation
in space

R3

about some an's by
some angle.



The rotation malric R can be labelled by an aris i and come

angle O

& + 50(3) : R (10) = R 01 π

We observe that

& (0) & (201) = R (5 (0 + Al)). Thus the representations

will also salsly

D (R( 0)) D(R(MGD) = D(R( (0 + 01)

Take the devivalue at
=0

(R(0) & c (R(OT) F of
D(R(c lotl e

-'=O

We shall define( ↳ D(R(m0) (0 =

=
-
in +

-

im - HD(m(MG) =
D(R(26)

-s

#)= in . Ho
By Putting C.

(R(0 =0) = 2
m

↳
generators of the Lorenz

group [23 where i = 1
,
2

,
3

Working out
the algebra of the malrices [Li)
-

The transformation of vector i
about any ans

i by an infinistismal rotation by
t is given by

~ -> v + x
+ 0(vt

Now the generators his of the group
act as an operator in

the linea space of the group
elements .

We shall look at how



generators (ransforms under rotations lets look for a general

operator A
. It acts on state(P) as

A 14) = IP7

=> A D(R)D(R) /4) = (07

=> $(R) A D(R) D(R) (4) = (1) (p)
mmm

Al 14/ = 10

(i)A D (R
any operator

transforms like this

Thus for infinitesimal Ivansformation we have

(I-io :#)A(1 + iQcH) = Al

= A +AlG . L -iO - LA = Al

-> A = A + iOnr [La , A]

Now whenIt isrotationally invariant ,
then A = A

E A= 0

For a velocity vedor we have

-->
-V = V + eQnK [Ln ,

]

=> Vi + <iTMOnTUR = Xi +
i On Chr

,
vi)/

- i Eik Vi

=> [Ln ,
vi] =

=> F= esisc Un

Since GHy also form a vector in the linearspace we shall have



the algebra Fits]= i fish La 3 The famous

* augula momentum
commutator -

Finding this generators will

get us the representation.Thus if we can find up to

equivalence and direct
sum ,

all malrices that

obey there commutation relations we shall have

all thevep of the Rotation groups

# Finite Dimensional Inequivalent irwep of the Lie algebra of Rotation

group are notated by D (R) labelled by an indea"s" .

-

i ↑ Oof2s)
p((() = e

m

↓
triplet of malvices appropriate

to spins .

Wehave

#(s) s = 0
, 5, 1

,
=
2

- -

[(0) = 0

ICI = = when 6 = Pauli matrica

-> The dimension of the representation D (IR) is 2s + L

-> The square of #
is multiple of idently

# · H = s(s + 1)#

If wechoos one component of # lets say1 then we

shall have 1/m) = mlmy where

m =
- S, - S + )

,
- S +2 - . S-2

,
S-ls



Some fact : - & The representation of Lie algebra just listed
---

above not only generates the representation of Rotation group

They generate representation upto a phans. The integer s one

representation. The half integers
one reps upto a phane . in

they are double
valued

D((2 + 2)) = (- 1)2s #

④If D () is a wep of 50 /3) then so is D (R)*.

Is D(((R) ~D(R) *

③ If we have some sets of felds that transforms
under

rotation as a irrep D(Si) (R) and second
sets of feed

That transforms as another irrep P( (R)
then we can

geta new representation given by

&&C (1) (R) ((SV(R)
But its not L

necessary a d

irreducible The dim of the direct product is~representation (2) + 1) (262 + 1)

Y
There is a rule of how we can break it up into irreducible

representations it
is equivalent to direct sum which can be

indicated as Si + S2

D(D (R) & D( ) (IR) - O & D()(1)
· = /s , us2)

For eg

, (4) () D( 2) (R) ~D' & D(2)



- -

The product of spinous
a sealo and a vector -

give two object

Loren/z Group
-

Lovculz transformation can be decomposed into a rotation and

a boost. A boost A (P) along a given ams
a and rapidly

& is a pure Lovenl transformation that takes
a particle at rat

and changes its velocity to some
new value along that

axis·

* with rotations
,
we have

A ( ) A (90) = A / (p +0))

By defining
-
i P - M I·d) Im

↓

Mis the generator of boosts
.

and we shall find that

- i . MP
D(A(d)) = e

Thu if we know Land M we know
the representation malrin

for arbitrary rotation
and arbilvary boosts and by mullplication

we can and the representation manirio
for any general lovenlz

transformation, Let us now write all the
commutators ofH

and M = For volutions
we have

Chi
,

25] = i fitlLk

Next [Li , M +] = PtizuMal This tells in that

M transform Whe a

Vector-



Now [Mi
,
M5]

=

i Ei5h

The minus sign her is very
important-

Now to find all the irreducible representation of Lorculz

algebra ,

We shall now use a trick:- We shall now define

T
=

= 1 (L =I M) so we have

1 = 5
+

+ j-

M = - i(5 +
- T

Let us compute the commutation of the new operators and we

shall see

[5it ,
5j2] = i fish&

[Tilt? Jj(
+] = i Eith Juc)

[JiC+ )

,

5- ] = 0

Thus

[tiltly and 2554] commute with each other

The two [tiky and [5+H'y forms too commuting independent

SU(2) algebras. Thus a complete set of irreducible reprsentation

of Loven't group
are charactered by two spin quantum no st

ands-one forcach It and 5- and
written as

Dist ,
St (1) S1 =

0, t -



# The square of there operators J and
5 are mullples of

identity
5

T

.
if = st

. (s + + 1) J
+

5- 5
-

= s - (s + 1)5
-

# The complete set of basis is defined by live number m+ and m-

which one the Eigenvalue of Jzt and JE respectively such that

Jz
=
(m +

m
-> = m + ( m + m-

↓
These states are simultaneou cigenstates of

commuting operators.

# We can always choos ou basis such thatIt and 5 an

hermban malrices and so me can see that ↓ is herunken

but not Mi - (R) a unitary but P(A) are not .

Cs +, 3 -]

-perkesof 3013 , 1) representation D (1)

# [D(s +,
st (n)

* -D(s, s+ (1)

# P : DIStist(c) ->
Dist (n)

2

Parity This is coz Parity torns 7 into 1 and

Minto-M-The operation

M--M can be thought

of as exchanging JC+) and

jC
- + + S-

# D( +, s+ (1) ~ - ED(((R)
s = (s +

- S - 1



Entras :- Finding the general commutations of the generators of

Lveulz group !

->
generators
of
Notation

We know in quantom mechanics

T = xxP = ux( iV)

lets crite the operators es an anksymmetric tensor

+ is =
- i (x15 - n5 87)

where J3 = 51 and soon ..
The generalization to 4-vector

is

A=
= (446 - 4V2M)

We shall be able to compute now
that -

Entes]= i Caree as amegrd -no
the

+ 4 M6yve)-
lovculz

Any marizes
that are to represent this algabratcan be and

to find the representadion of Lorenz group
.

Lets find the representation corresponding
to spin 2

-
Lets me a

Rick und by Dirac
! If we have nxn matrices

Wh salslying

the anti-commutation
relation which is

Dirac =24arx1nxn (Divac

matrics algebra

then we could write docon an n-dimensional reprsentation

of Lovenlz algebra .
which is

(4,
24]I



We canadually show that this Jev salsly . This trick

can bered for any dimensionality
whether Lowenlz or Suchdan

malric - Lets work it in 3-dimensional Euchdean space where

We choose

25 = 165 (Paulisigma matrica)
Thus

& viriy = disc, isty = - 26 % 65]

-
~ 2 bif#
↓

This minus sim is

conventional-

The reprsentation will then be

where we have

six = [vi
,

5 ]i wed

26 % 653 =
2iitksh

= (D(6 % 65]

I - i 2 i ziTK6
R I 269, 65] = 26'#

T

sit
= ↳ file

-
d

This is the
2-dimensional

representation of rotation group
.

per

# We shall need
to find Divac malrice for Minkowski space

A

One representations in 2X2 block form is

6
i

o = : wi = (ii O ((
This representation is called Wey) or Chiral representation



Thus using
sur 2

= (24
,
ww

Thus

soi = + [2%,:]

-[if fi :")-[:. ] Si . b
=

-[...] -[ :=]
Also we can calculate

and

so i - End thatE-if it =-
soi

↓
This is not six = b (2,

v 5]
hernuhanI and thus transformation of

= t eith (6 ho h(boosts is not unitary
O

siz

-
Fitzn

These are the generators

of the Lorentz group and
the foun component feed 4 that

transforms under boost and rotation als to the generators

·

an calledaSpinous The Ivansformation for the Dirac

spinor U is given by



emersetis
i
i nee

n = 84 + 2

This acts like the representation malrin

of Lowenlz group for Divac spinors -

Next step after giving a field is what the dynanncs is and for

that we need a lagrangian and so the next question is what will

be the Lagrangian for Divac spinous ·

↳ How does the feed 4 evolve

&capof scalars and
Vectors

Scala: - We know that & (x)= &(1+2). To the terms

permissible in the Lagrangian S d4n92(x)
Lets now consider Wend coz we want I

some dynamics of 0 ,
If 9 just (dx$(1- x) &(1 x)

wrote P2() Everything will just 6When you change y = A'

be the same . In space time I want

things to change. How does Ged
(dyd(y)4(y)
m

transforms as Unde LovenlzIransformation ,

Gabi &(12) the measure donot change-

Thus

Samprada (1 &(12) (1 2) d'u



= Swe 24 +My

So the simplest lagrangian that you can construct is

S
freescalan

= -(dYx(2x42Mb = m 202)
X

This is just a number outsideo

Lets now come to vectors -> (Manwell)
LT

An -s We (1-d)

But you also say
that I want a gange invonicent theory

on top of Lorenz invariance
·

4T

Au 1s Au + Per N

·
o Gauge invarianc forces us to consider

Fur = OuAv-brAn suchthat

CT
Fes -> Fur

and so you run the same argument again and the simplest

action that you can make is

Smarmell= ) dix Fur Mu

Now we want to do the same procedure(or 4 .
For fermions

we have SUV
,
fur and exponentials so its not that trivial

We have to do some work . Lets consider an infinitesimal IT

#(axy Marsurf --- ) 4(1a)I



Lets try contruding a skalo out of this - I was a real scalon and

for complex scalm me would have done ** and since i is

complex so lets check. ↑* P

↑t() to 4+(12) (14xy+Ru(34yt)*

-

-
This is neether

hermhan or

anti-hermkano

So

Ptp = 4
+ (12) (lux + Mer (UV)T= .. )

(1nx = #MurSYV+... ) 4 (1 2)

=

P
+ (in) (axy -Mars arCust

to - .

+ (nin)

Novo seer is not hermuken

and so wecan cancel the

two terms and so PtP is

not

Scaler -

At this moment you must have a sloke of genius and consides

↑ = Pt vo

T(u)1-> 4
+ (1) (Luxu +tar (340)++.. ) w

= P
+ (1 2) (luxy -I soi soi-Ex2-sitt

X2 -it
I Y +... (20



↓

(soigt = Soi
Now lets see how vo commute with goi and sit ,

Claim' - So commutes with SPT and anti-commutes with so i

Thus

F(x)+ 4
+ (1) 50 (as x2Misoi

m
- x22155 + ..)

F(N2) (14x -#RurSur)
and we have

Ples & (Luxu +Ruvser) 4 (12) . Then love

we have

#is a scalar

↓
This is admissible term in the Lagrangian analogous

to2 in the scalar feed theory .

Movingthe Claim :-

quisois =2) : =(
*

-

:) + (
+

-i)(%4)

-): -i) + 10")



=
0

~ Thus vo anticommute with soi

Now lets check

[vi sit] = Exism [] )) i n) - ) : "in)(20))
= Eith [04-
= O

↓ 2
°
commutes with sit /

Proved
--

The next step is to incorporate some dynamics on the Dirac

Spinor Y in the Lagrangian . I want to write down the simplet

form of derivative in the Lagrangians We want

T 2 "In 4
E

To have some indices
up and I can do

that

withU" and to make it same as FY just(
put T cot we have learnt have we have

to put i to make it a scalaro

TamaaP (axy -rapsdB) wa

* Near (Auxs +* MosSWd) 4
m

(In + si



-= insWwe MaBSSB Wa

f # um Es t inte 2062634z
m

~rust

= TVUM Y + Crest should cancel C

= Frewe 4 +Tre Ov Y + 2 < B [rY, s BJWnY

Lets now calculate

[2" ,
3 < B] = +) [22 , warB] - [22 , 2BrC])

We know that "
,
UV an and-commulator . Now

[A ,B2] = GA , By c - BY A, <Y
--

Coz

ABC + Ac - BAL-BLA
= ABC - BCA = [A , BC]

: 0

[24
,
56B] = #) GuyrdgrB - 00d24 ,

-By

- <ve,
rP3 v + widwq, ray)

-) 24 B - 22244B

- 244Byd + 22B44d)



= (neP-WMB-4uByd
+ 2Bnu6)

F= i(neyB - rdnu)I
Thus

↑u Get is Friday
P Rapi
i (nudy B - 2 nUB) We P

se

= TVruP + Flarb"P-LCB

(UBG - UCP)Y

I TUGUP TORMUGVP -
T

T

(2CBVB24
- 2BW9(B)4
-

(2 <BUP-RBaVP)
24P
-

-2BG VB244

= TKwM4 + Ser wh 224

-

2
842 M4

- VM &

·
o TV "Wat is a scalon and we can put this in Lagrangian



At the end of the day ,

the Lagrarian should be scala

Lets now consider

t Croft = no

((( i) List# EureP)
*

= LaPur

↑
t I frist--wi-- i (uP

+

(4)
+
(18 %

)

=

- i Eupft just vo p

== itto it 20s+ 20 4 + (ii) Tyui)tropy
to

= - i 44 20)
+
204 - (2i4 vo)t vi4]

F = N ( -- i (605204-witripy
I = i Ou TGM P

Weneed to show that

this is real which mean (TruveP)* TGMGMP

-
But all this terms will go inside the which we didnot get

integral and we can do integration by parts

Wa (i WMP) + i FrYwaY

↑
coz the feeds ar such that I

Ignoring the total devivalue
dies off at infinity

[TiVGMP)= Fir way

%
o We can write the action as

&Pirac= =dis # (inMtn - m) 4I ↓
/

a constant



↳

This is the action that describes electrons
, protons etc. The

interpretation that
m is a man will be explained later

The EOLYou T (or PT) immediately yields
the Divac equation

and we have

I
-> This is in Herman

=v4
- m = 0

conjugate form .

#Spinos diagonal

We saw that soi and it block form and it can he seen

that the Divac representation of Lorentz group is reducible -

d
Can be seen in the

chival representation

Lets look at thevotation generators w = 1 : (
sit = (vi ,

vi]
# e

= Eith (5mo I se = Joi O (
If we take

Lij = -tijk&*

(meaning 22 = -03 etc) then

D(1) = exp (missi
O

I

Je
: 05 . 5/2

↑ i - 5/2(
O G



Considera rotation by 2 about us ams many of=10 , 0,2π)

and spiror rotation malrin becomes

-(1) =

π63 O

& D 21463
=

- 1

votahon .

I (
· under a 2i rotation

44(x)1-3 - 4(d)(2)

d

which usually donot happen
to a rector

↑

Boosts : -

soi = =- (
Writing boost paramete 2io =" oi = Xi We have

+ Y : 5/2
D

D [ 1] = e

↓ I D e

- x . 5/2(boost

These reducible representation decompose into two irreducible

reprsentation that act on two component spinous at which is

the chiral representation
is given by

B

P = (
u + (um

The two component object UI are called Weyl

spinors or chival spinous - they Nansform in the same way

under rotation
but oppositely under boosts

under parityvotations
R 1 4 - 562 k + donot change but

+ - e 3 boost changes a sim

K-

B 14. 5/ u - and we can see that
- e

P : U + -> U-



# In Group theory language It is in 12 , 0) representation of
Lowanlz group and M-

is in 10 , 2) representation·The Divac

spinor 4 lies in (I , 0) /0 , 2) representation
· Strictly

&

speaking the spirow is a representation of the
double-cover of

the Lowenlz group SL(2, &

Now as we have seen that the transformation laws of may

spinos
under infinitesimal rotation

o and boost is are

Ut -> (1 -

i . I = *.E H +

2

n - - > (1-18. + *=) -

Let us now define

-u = (1 , 6) and . = (2 , - 6)
64 = (2 , 6)

Now We know

o = (i)
wi

= H
O si

(si o

·
o

va = )e ( on T =

* = Anze
Diva

T = PtvepoThe lagragian is
P

1

2 = LikuU" m) P (id
u

y

When 4 = (f) then it = (U++ act)



Now -T = (u +
t

ut) : 6)
= (a-

+ urt)

a = (au+ att) (i (f") un - m) I
= (x

+ a+

)(i ( : 62)(cant) - (mute
= <u+ u+ /i (oawau) - > m ]

L
= i (n - 6 Gan - + u juvant-- m (n-

+
u + + u +tu-

The equation of motion for ut and U-ore then

24
u+ :

2n(n+
=

--

↳U +

t

-wa (intjU)
= -mu-

-=out + must

-I
= O

-
They are

the

- : wa (n)=zu-
-

Weyl Equakons.

=> ive (U-564) =

- must

= OFunct+ must



# Divac Matrices and Divac Field Bilinears
-

We have seen above that JP is a Lovenlz scalar . It is also

cabe shown that WMP is a 4-vector
. Now Lets ask a

general question ,
consider the Expression TP where Tis 444

matrice

can we decompose this expression into terms that have definite

transformation properties under the Lorentz
group ?

The ans is Yes !.
c

& f we criteTin

terms of the following
basis defined as

aul-symmetric combination

of2-matrich
↓

ye

sur =I [24 ,
2V] =

z(eyv] E
- i 6 MN

Have = playrv0]

2406 = 8 [46"y9y6]

Lets look at the towenlz transformation properties of
the malrice..

Eq%-

Trav4-(Tait ([[vi, ur]) (1 =4)

FY
= (1 "MyN UV e
--

vo4t- 4 I'v

NE
- AE' VO NE NI' r

*

NE)
--

ET [vC nYprB -nYBUB 12 rd) ↑
as found before

I a



TapMy NYp T W
& By

=

↳
Transformation property of this basis.

Let us definea neso gamma matrices

u = I'v'V'vy3

0123 -I -
ur16 WeWrUp WG

0 132

0 3/2
I

-i [20123 vor ,
UzV3

-

4 X3X2

0321 24
L

0 213& 6 - 2013 Vo UnV3Uz + ---- I
0 23/

Now
,

1023 M= -
it
uves us

1032& C How? 2.
1203 ↳ and

1230 Fightedusers
1302 Gregory = 24hr

1326
The properkes of us

We kuoo
So total possibility

= 6 x4 = 24
① (vs) = rs

are-

I List= wi
④ (5) = 1

Cost = y

⑭ 485 ,
84} = 0

(
d

commutes with all the well

I 4 , Jerry
This statement says

= Us = DI- that Divac

representation must be reduable



(Chur's Lemma)
in the present basis

V
S

= (
- I O

( in block diagonal(oomo
L

Let us re-write the table and use some standard votation
HOLD

Thus
↳ Scalar I

P They ar

ive P spinous ou Vector 4

↑ Savi 3 bilinear S
e= [UP , WV] tensor 6

x54
4

Trust E
24 +

5 Pseudovectoe
-->

L

s
S

pseudo-scalar
G 16

They are called pseudo con they
transform like a vector and scala under continuous

Loren't transformation but with an additional sim

change
under parity transformation . I Weshall see later

The total no- of bilinears
is 16 from which we can form 4-

component object:

# By using2s we can start to add new forms in the Lagrangian

to construct new theories. Typically such turms will break parily

vience of theory
but we can make PTSP

↳ where I itself is

pseudoscale
nature makes use of this parity violating
interactions by using Us in the weak force. A theory which



treats PI on an equal footing is called vector-like theory-

A theory which treats PI differently is called chival theory ·

#Since (03)= 1 We can make a Lowentz invariant Projection
operator

P1 = I (I IVS) such that

P +

2
= P + and P2 = P- and P + P- = 0. Lets look

also

at how P + and P-act on
the weyl spirow : We can now deline

M

Chival Spinous using 85
which is

-

# I = PIP which forms the irreduable

representation of the Lorenz groups P+ is called the left

handed spirors and U-is called
the right handed spinors

.

Parity
-

-

# The spinors PI are related to each other by parity. Lets

understand this for a bits lets focus on two discrete symmetries

Time Reversal T : -- 10
;

+
-> ui

Parity P : 2- 28 ;
i e-mi

2

We shall discuss Parity now and it is an important symmetry

which play a big deal in weak interactions
. Under parity the

left and the right spinous
are exchanged . Woe found earlie that

under boosts and rotationIt and U-transforms-and
in thenew e

way that
under

notation We shall see that PI = = (IIVS) 4 = UI parity they
↓ exchanges .

left and right handed spinous and so under

:YI (nit) +> YF(- 2
, t)

Parity



Now from vectors and pseudo-vector matrica
me can form

currents out of Divac feed bilneas :-

Linedit E
ju(n) = 5(x)wM4(v) ↑ (izGn - M) + = 6

e
jus(u) = G(x)W u

5 4(u)
-
ibnTV-mT = O

or
=> ice Tur +m = 0

Let us now compute

wate = (2u5(2"4(n) + ↑ UMOu4 ↓
Heres

If i sabsly the Diwas equation
- uwa

I +
imT

- [mi)(ra) su P(u)

- (-imp) ruzy)
+

I O

Thus you is always concerned if P(M) saksly
Dirac equation

.

When we couple the Divac feed to EM feed
,

Ih will become

the electric current density. Similarly one can compute

rute5(n) = (be P(u))
24y3 4(n)

+ P(x)v4x5 an4(x)

= (im(04 25 4(u)*L
+ Y(u) us (- imp)

-

= im r4 -im 4(x) v5 π(x)

if m =0 then jas is convened (called ancial vector

current)



Majorana Fermions
-
-

The spinor 4 is a complex object. Now this is so became the representation

that we are dealing with in &(1) is also complex. This means if we

want to make 4 real for example by imposing ↑ = 4 * then

it would not stey that way if we Loven't Iransform its However

ther is a way to make the Divac spiror
components real .

Lets look at the following basis which salsly Cufford algebrac-

U
"

= (
O · - = (

163 O

(62 O O 163

O

u = -
6203 = (

- es
- ise)(

O

O (
specialthing about

this basis one

that they are purely imaginary

(e) * =
-24] This mean

the

generators sev= [UM,
2

and hence & [1] are
real -

so with this basis of theClifford
algebra .

we can work with
the real spinor simply by imposing

↑ = 4
*

which is preserved under
Lorentz

transformation and such spinors are

called "Majorana Spirors"



Now suppose
we are working /uning a general basis for

the Clifford algebra which salshes

220gt =
26

Dist -
wi

We shall now define charge conjugation of
DivacC

spinous ↑ which is

p() =
Cp *

Her C is a 444 matrice salslying

ctc = 1 and < WMC = -(wa) *. => c = - cha)
*

=>
definition and how it transforms underLet us now check thes

bven'z transformation
LT

p(a) 1-S 20(1)P)
*

= c 4
+ (D (1)]

*

= c 4
*

[eup (trursery]
= <4

* Leup (Eur (Cruars)
=+ D [1) C p

*

I 20 [1] 4 C) Thus PCP transforms

mely under 25 - En fact

↑ Balshas the Divac equation also -

Livnwa-m)4 =0 = (-iwntryEm) P *
=

2)
*

E · Criter - M)4
*

= 0

= i Weve MC4
"

=0



+ Our- M)4(4 = 0

Fact: - After qualization the Majorama spinor given wis
to a

fermions that is its own anti-particle . Also what is this
matrix d .

Well for a given representation we can find it easily.
For

Majorana
basis where U are pue imaginary

we have

2maj = 1

# Free Purkce Solution of the Dirac Equation
--

Since Pirac held 4 obsys the Klin-Gordan equation

We know that it must be hueas combination of phane wave

P(u) = U(p) e-ip- where p2 =m2

Lets consider only on the positive frequency POL0
- Now↓

u(p) must saksly the Divac Equation
Po2 - j

2
= m
2

·ke W - 2) 4 = 0

- Libera -M)U(P)e-ip . m

= 0

-(iv"(ipa) - m)U(p) = 0

=> [V Pa- M/U(P) =
0

Lets look at this in the rest frame where p = Po = m

then we have
↓
( Po - m)u(p) = 0

=> m(v) - 1) U(p) = 0



= m((i - ( : i) (n = 0

= m) , -i) 4(x = 0

LetUsp) = (3) :. ( m) (3) = 0

=> (ima
+

moa
=>

ma = mb => F
Thus

F(5)
- when s is a two componentt

spinor

↓d This factor we
have added for

This is solution lotore reference
-

inthe west frame ,

the general solution can be found by boosking with 1 ,2
In tre west frame p = (m , 0). Now

let's lovenlt Ivansform it

We ham

(i) = (Joshnsinhni let 2 = rapidly

↑ boost along urami

(E) - [( : i) + ( :* )] ) :)
~ (c + u(i)(i



Now 4-momentom vector in the infinitesimal form bansforms as

(i) = (1 + n)ij))(y)
wherey is infinitesimal paramete

. For

Guitey we have

( = eup[")i0)]( = )
= [coshn) ! i) + Sinhn (: '] ( % ]
= ) mcoshn)#Weshall

notte

-

·

Now lets apply the same boosts to (p) · Loi- sin
(D) = exp [fE4(E) + 2 n = cup /= coevsur

2-i]] - (3)
-emp [- = 4(83 - 30)]w/)

= Gosh (= 2)) : i) -

sinh (In) (0-33)Jim (e)

=)cosk(n onn) - Jinn
(E)
·

- sinn()s)]
vn(33)



D

= (coch(-1)
- sinn(n(2)62

sh(z) + sin4(z)x3)fn()O

[rosn() - sinn (2) 63] 3 imI

I [cosh() + sinh /c) 63] Sim1[ul2 +=12 -(e*-"/433] 95m sinha
e
-

= ( 2 2 ( ex- e
-R

(12) + [eze
-M/2) < 3] in

z 2

-( ·k)+entien
ene

Now

EI mcoshm

= [p(163) + /+>3)] p3 = msinhm
L(
+43(1st)+ (E3)] =( E +p = KoshmtsinhL es

= Tn e
4/2

Now Lets take the square of first term
6 = (1

,6 if

(Ftp(#3) + Xp( <3) ja = (1 , - se)

= (E + P)) 163)
=

+ (e-3) (+63)+ 2 3 p

(+63)(#)



= (3)() - 263 + 1) + (Pb))1 + 25

+2P(2(-23)
= E3(1 - 63) + 43(1 +3)

-
P3- t+ 1363 + Ep3 + 43

2

= E# T
- A3 -

= E - p363
- We shall now take

the square
root of it

- P-6E -p36

· The solution can be critten as

u(p) = E

( Xoj E (
Lets see one idently which will be useful latei on -

i)(P-6) (P-5) = (Po -Pixi) (Po + PGT

=> Pot -Pip
+
6165

= Po2 - Pips Sit

= Po
=

- p
2

= m 2



We often work with speake spinous Es A useful choice is 63
->

For example 3 = (b) There
spin up along

↓
For boost along us3-am's

= ) 403 =
1968 e (( +1363 (i)

Nowto - P363 =i) - B) ) =
P

+P)
E 3(b) = Veo-p3

= VotPy3(b) = otp3

= )opp (
: x

up = ) Mo
Ie We have Eo-(PPE=(m)

=> (o-p3) (Eo + P3) = m 2

=> -pop = m

= re(()) Formassless parkd we have

to
?

-(ppg =
G

For 3 = (i) -> spin down along => Es = (p3)
2

the 3-axis we
=> Ep = P3

have

"(x) = (ps(i) mater (e)(i)p (i) I



# Helicity : - The helicity operator is
the projection of the angula

-

momentum along the
direction of momentum.

h = Eith pistr-> rotation generator

= Fi (6: (
The massless feed ET = (4, 0) has helicity Ye and we say

it is right handed. The feld 3 = (0
, 1) has heluty - Y2

and is left-handed

# The helicity of a massive particle depends on the frame in cluch

Its momentum is in the opposite direction (but its spin is unchanged)

For a massless particle whichlravels
at speed of lights .

One cannot

perform such a boost

Inner and Outer Products
-

Let as introduce a notation 4 where s = 1
,
2 for the to

b
component spinous eigenstates of 63

= (b) and 3= ) % ) . What we have seen now is that

for a plane wave
with positive frequency (the two independent

solution can be written as

us(p) = (↳ (
95

Since we knew PT P is not Lovenlz invariant so let in check

-ut = (3
+

p . 6
,

31) . (



->is To 3 +ToTo

= 4
+

P : 69 + S+ p . : E

= St EpE - Et Pi6ig + StEp 9 + Etpi6iG/ /
= 2

+ EpE

- 2 Ep&
+
S

To make it lowen' scalen we define

i (p) =
U+(p)v 8

. Then by calculating

(pu(i) = (3
+I s 20

,
3 -2) I is (

= ETestset is 'T E

Not

iPo-Pist) % )
Do it (or 63

- (!: ) (idl

-(ii)
= (ii) (ii)=

NOW

Visi = (ii) to i



m

=

Go risy = . . (z m

= mvo

Thus o Wedon't want this So

in = zmu'Gt
there is some crowin theT
above calculation.d

once we also require
This will be our normalization

condition
(

our to component spinors s
be normalized a usual St

= 1

where we have used the basis s as orthogonal to each other

# Summary : - The general solution of the Divas equation can be
-

written as a linear combination of plane coanes . The posibus

frequency of the form

P(M) = 'U(p)iP ; p 2 = m2 po > O

There are to linely independent solution for (p)

u (P) = 63 s = 1
,
2( Bes (

which we normalize al to

e
i "(p) u S (p) = 2n fas or

mu+ (p) us (p) = 2 Ep gra

In Exactly the same may we can also find the negative- frequency
solchon

P(u) = u(Pletip , P2-m2 POYO
↳ notice that we have chosen to put the

I sim ruther than poC0 .



The two linearly independent solutions for (P) are

Tus12-6 s = 1
, 2vs(D) = ( - T5 us

(
↳ another basis of

two component spinors .

These solutions are normalized according It

-(p)v4(p) =
- 2m 8 45 Oy

ve
+ (p) v '(P) =

+ 2 EpsUS

The us and v's are also orthogonal to each

other

i (p)vs(p) = 0 (p) us (p) = 0

But we need to be caufol har because

not (p) v S(p) #O and
+ (P) us (p) + 0

However it can also be seen that

ur+ (p) v S ( ) =
v
+ ( - 5) S() = 0

with the 3-momentom istaking the opposite sign

in the calculations-

Outer Product
-

Lets complete

E U (p) is (a)=& Miss (
S = 1

,
2

(
Es -20)
st +V5)p. G p !

m

↳



= (vsa) Is this sse

=

)(V G

= ) i i (
where we have used

(E33gst = 1=! i)
s = 1

,
2

Thus werget the desired formula

F((p(π((p)= wop + m

↓
Feynman introduced /EU Per

which we shall me

later on a

We shall now by to quantize the Divac feed. · from now-onwards-

- x-


