
Representation of Lorentz Group

und Divac fields

Sources -> Sydney Collmen
Notes

-> Peskin

=> Georgic Lie Groups
in

Parkce physics
.

Manish Jain



Reviewof Group theory :-

Group Theory is the study of symmetries
in physics· Symm-

etries of a physical theory one sets of transformations which leaves some

properties of the physical theory
invariant - thosetransformations can

be thought of as elements of group .
Given a set ofIansformatous

Ti
,
Ts, . . . . if we perform the firsttransformation on the physical

theoryti , then perform subsequent transformation is ;
the

result from both the transformation can be thought of as a transforma

how Th which belong
to the same set : We write it as T5 . Ti =Th

Lm

--

Thus we want the Group
to follow thisclosure properly I

firstTi then

Pef" : A Group G is a set with a rule for assigning TJ

⑦-

to every Cordered) pain of elements
,
a third dement obeying

④ If figEG then h = fgEG

④ For fig,ht4 then figh) = (19)h

⑭ ftG -c : ef = fe = f

⑭ # f -G them evist an inversef such that ff"= f'f
- C

Thus if a group
is discrete the group is a mulilication table

mininggesawasie



Det" :- A Representation of G is a mapping D of the elements of
--

G onto a set of linear operators with the following property :-

① D(2) = 12 idently operator in space on which
hineal

operator act

④ D(q) D(g2) = D (9192)
-

2
-

group multiplication
natural mullplication

in the linear space on which

~
no of

elements in
Quite

Linea operators acto
group-

Seaml -

*La
:

growposoris & is Abelian

since for giq2tG

q , q2
= G2 96

-> One Representation of E3 is (t-dimensional Representation]
44i)3

2πi(3
P(c) = 1 D(a) =

e
D(b) = e

- There is one another way of reprmentaling Es. The
trick is t

take group
elements and form an orthonormal

basis for a vedor

space (2), (a) and 167 . Now we define :-

D(q) (q2) = 19 / 927

This is indeed a representation called the regular

representation. Lets find the regular representation corresponding to



group element 2 (2 = (2)

[D(c)] it =
< ei)D(e)/e57 & |ez) = (a)

| ex = |b]
= <ei) 2es7
m

using the definition

= (ei(257
Similarly we

shall get

=> dis
·

D(0) = D D(a) =

O O &
↓ O[· I L 0 I

O &
O

D(b) =

L

L0O

Reviewof Lie Groups :- Suppose the group elements gtG

depends smoothy on a set of continuous parameters - g(d) .We

shall now parametrize the
element in such a way that

= 6

corresponds to identity element . If we assume that in some neighbou

hood of the idently ,
the group element

is described bylundon

of N weal parametes (a for a= 1 to N then

g(h) /x = 0
= e and the representation

D (a) ( = 0
= #I . In some neighborhood

of Ideally Element, we can Taylor Expand D(C)



D(dx) = 1 + id < aXa + ....
where

IDialI↓
Thisa called generators of Group

Now if we go away from the idently in some fined direction

wecan justwain the infuilesimal group element

R · da Xa

D(c) = lim [I + iddaxa > I
C

k-> & m

=
Thus this mean that We can write group elements in

terms of the generators.

However if we mulkply too group elements generated byIwo

different lineal combination of generators then

i (4 a + Ba) Xa
cidaxa elBbXb + e

But the product
↑ In the representation should he

some exponential of generator

·
0 C

iaaxa eiBbXb
=
elSaXa

Weshall now expand both side and equate powas of
d and B .

let us check leading order

↑ Saxa = In [1 + eidaxa eiBbXb - 1]
-

K



K =
eidaxa ,

iBbYb - 1

= (Henaxa - -( <axal2+..) (1 + i * bXb -E (Bbxb)

+... - I

=
i <ava + iBbXb - 2 (daxa) - =(BbXb) 2

-
LaxaBbXb

Now

iSaXa = K - Ek2

= inaxa + iBb Xb--(daxa)" -E(BbXb)

- daXaBbYb + I (4aXa + BbXb)
2

= idava + :Baxa-1 [daXa ,
B6Xb]

The whole thing is WcXC

-
=> [daxa Bbxb] =

- 2i <dc - ac- Bc) Xc + -

u

i

Let say a = 21 , 23 then repucent
terms that have

[C , X1 + 22X2 ,
B ,
X 1 + B2x 2]

more than two

= [d1X1 ,
BIX , ] + Cd , 4 , + B2Y2] factors of L or

-> [d2X2 ,
B 1 41] + [9242 , B242]

= 4. B , [X1 ,
X 1] + daB2[X , 42] + 22B , [X241]L

+ 42B2[/x2]

= < 1 B2 [X ,
X 2] + G2B2/42X1]

which can be generalized de aaRb [xa ,
Xb]



The right hand side can be defined i IWcXCE

where uc = - 2(62 - 4 - Be)
Thus we can define some

constants faba for which

XcAaXs]=
i fabr

We ↳
Generators form

Enchaning a and by get
an algebra under

[Xb ,
<a] = ifbac Xc commutation

=> - [4a
,
Xb] = i tbac Xc

=> -Abac

2
These are called structure

constant

# Su(2) algebra is familia

2 Ji
,
Jn] = the

Je

Lets now move towards 50 (3
, 1) group which is the group of

outrogonal transformakous with determinant t which presence

the sguar of the Minkowski norm

do-4 - x2 - Ng2
.

Let us now look at the transformation of helds under
Lovenlz

group.
For a scalce feed

,

the transformation lac is given a

d - (12)

For a vector feed An
,

the transformation law is

An -> NeAr(1-x)



The above feeds descube elements with integer spins. But if we

want to describe transformation law of half-intege spins we

can write a general laco for felds

I da(x) -> D(n) Pp(1 x)=>ab
- Y This can be more

Representation
of Lorentz

complicated malrin depending
transformations

on what sort felds we

are describing .

For most of

The Elements of the Lorenz group 1
our theory ,

we shall be needing
the fields that descubes

has certain properkes which needs

Spin ' parble, which
one

to be salished by
the representation

electrons
, protons etero

④ If1 ,
N2 En then

& I 2
= 13 ED ,

then we have

D(11) D(12) = D(1,12) = D(B)

Now /or 1 andN we have

(1) D(n+ ) = D(11 - 1) = D(#) =
m

=F= (D(1)]- first property of

d
the representation

Thus the representation ↓ forms a

finite dimensional representation of Lorentz group .

Let us suppose D(1)
is a representation then

D(1) = T D(1) T for any fined T is also

a representation



to prove this

D(1D'D(12)' = T (1) +" + D(12) T

# If too representations = ↑ D(11) D(12) 5

are related in this way
=+ D (1 , 2)Tthen we say

D(1)wD'(1)
(equivalent)

= D 1 , 12)
- which salsties mulkplicatio

law of representation .

Thus we can see that given a representation We can alsocys

perform similarly transformation to get a different representation

which are equivalent to previous one. There is one more way of

generating representation from the old one - Suppor D' (1) and

D2(1) of dim M ,
and dim n2 are two representations ,

then we

can make.

D(1) =

L
D("(1)

I = D(1) D(1)
L D(Y)(1) d

This too is a Direct Sum

representation
with dim D(1) = dimD (1) + dim[ (1)

But we are not interested in representation' that can be written

Creduced) into direct sum . We call such representation
"reducible"

.

so our task will be to and all the irreducible Quite dimensional

representation of the Lorentz Group - lets first compute the irreducible

representation of a subgroup
which is Rotation group 30(b) ·

c

group of rotation
in space

R3

about some an's by
some angle.



The rotation malric R can be labelled by an aris i and come

angle O

& + 50(3) : R (10) = R 01 π

We observe that

& (0) & (201) = R (5 (0 + Al)). Thus the representations

will also salsly

D (R( 0)) D(R(MGD) = D(R( (0 + 01)

Take the devivalue at
=0

(R(0) & c (R(OT) F of
D(R(c lotl e

-'=O

We shall define( ↳ D(R(m0) (0 =

=
-
in +

-

im - HD(m(MG) =
D(R(26)

-s

#)= in . Ho
By Putting C.

(R(0 =0) = 2
m

↳
generators of the Lorenz

group [23 where i = 1
,
2

,
3

Working out
the algebra of the malrices [Li)
-

The transformation of vector i
about any ans

i by an infinistismal rotation by
t is given by

~ -> v + x
+ 0(vt

Now the generators his of the group
act as an operator in

the linea space of the group
elements .

We shall look at how



generators (ransforms under rotations lets look for a general

operator A
. It acts on state(P) as

A 14) = IP7

=> A D(R)D(R) /4) = (07

=> $(R) A D(R) D(R) (4) = (1) (p)
mmm

Al 14/ = 10

(i)A D (R
any operator

transforms like this

Thus for infinitesimal Ivansformation we have

(I-io :#)A(1 + iQcH) = Al

= A +AlG . L -iO - LA = Al

-> A = A + iOnr [La , A]

Now whenIt isrotationally invariant ,
then A = A

E A= 0

For a velocity vedor we have

-->
-V = V + eQnK [Ln ,

]

=> Vi + <iTMOnTUR = Xi +
i On Chr

,
vi)/

- i Eik Vi

=> [Ln ,
vi] =

=> F= esisc Un

Since GHy also form a vector in the linearspace we shall have



the algebra Fits]= i fish La 3 The famous

* augula momentum
commutator -

Finding this generators will

get us the representation.Thus if we can find up to

equivalence and direct
sum ,

all malrices that

obey there commutation relations we shall have

all thevep of the Rotation groups

# Finite Dimensional Inequivalent irwep of the Lie algebra of Rotation

group are notated by D (R) labelled by an indea"s" .

-

i ↑ Oof2s)
p((() = e

m

↓
triplet of malvices appropriate

to spins .

Wehave

#(s) s = 0
, 5, 1

,
=
2

- -

[(0) = 0

ICI = = when 6 = Pauli matrica

-> The dimension of the representation D (IR) is 2s + L

-> The square of #
is multiple of idently

# · H = s(s + 1)#

If wechoos one component of # lets say1 then we

shall have 1/m) = mlmy where

m =
- S, - S + )

,
- S +2 - . S-2

,
S-ls



Some fact : - & The representation of Lie algebra just listed
---

above not only generates the representation of Rotation group

They generate representation upto a phans. The integer s one

representation. The half integers
one reps upto a phane . in

they are double
valued

D((2 + 2)) = (- 1)2s #

④If D () is a wep of 50 /3) then so is D (R)*.

Is D(((R) ~D(R) *

③ If we have some sets of felds that transforms
under

rotation as a irrep D(Si) (R) and second
sets of feed

That transforms as another irrep P( (R)
then we can

geta new representation given by

&&C (1) (R) ((SV(R)
But its not L

necessary a d

irreducible The dim of the direct product is~representation (2) + 1) (262 + 1)

Y
There is a rule of how we can break it up into irreducible

representations it
is equivalent to direct sum which can be

indicated as Si + S2

D(D (R) & D( ) (IR) - O & D()(1)
· = /s , us2)

For eg

, (4) () D( 2) (R) ~D' & D(2)



- -

The product of spinous
a sealo and a vector -

give two object

Loren/z Group
-

Lovculz transformation can be decomposed into a rotation and

a boost. A boost A (P) along a given ams
a and rapidly

& is a pure Lovenl transformation that takes
a particle at rat

and changes its velocity to some
new value along that

axis·

* with rotations
,
we have

A ( ) A (90) = A / (p +0))

By defining
-
i P - M I·d) Im

↓

Mis the generator of boosts
.

and we shall find that

- i . MP
D(A(d)) = e

Thu if we know Land M we know
the representation malrin

for arbitrary rotation
and arbilvary boosts and by mullplication

we can and the representation manirio
for any general lovenlz

transformation, Let us now write all the
commutators ofH

and M = For volutions
we have

Chi
,

25] = i fitlLk

Next [Li , M +] = PtizuMal This tells in that

M transform Whe a

Vector-



Now [Mi
,
M5]

=

i Ei5h

The minus sign her is very
important-

Now to find all the irreducible representation of Lorculz

algebra ,

We shall now use a trick:- We shall now define

T
=

= 1 (L =I M) so we have

1 = 5
+

+ j-

M = - i(5 +
- T

Let us compute the commutation of the new operators and we

shall see

[5it ,
5j2] = i fish&

[Tilt? Jj(
+] = i Eith Juc)

[JiC+ )

,

5- ] = 0

Thus

[tiltly and 2554] commute with each other

The two [tiky and [5+H'y forms too commuting independent

SU(2) algebras. Thus a complete set of irreducible reprsentation

of Loven't group
are charactered by two spin quantum no st

ands-one forcach It and 5- and
written as

Dist ,
St (1) S1 =

0, t -



# The square of there operators J and
5 are mullples of

identity
5

T

.
if = st

. (s + + 1) J
+

5- 5
-

= s - (s + 1)5
-

# The complete set of basis is defined by live number m+ and m-

which one the Eigenvalue of Jzt and JE respectively such that

Jz
=
(m +

m
-> = m + ( m + m-

↓
These states are simultaneou cigenstates of

commuting operators.

# We can always choos ou basis such thatIt and 5 an

hermban malrices and so me can see that ↓ is herunken

but not Mi - (R) a unitary but P(A) are not .

Cs +, 3 -]

-perkesof 3013 , 1) representation D (1)

# [D(s +,
st (n)

* -D(s, s+ (1)

# P : DIStist(c) ->
Dist (n)

2

Parity This is coz Parity torns 7 into 1 and

Minto-M-The operation

M--M can be thought

of as exchanging JC+) and

jC
- + + S-

# D( +, s+ (1) ~ - ED(((R)
s = (s +

- S - 1



Entras :- Finding the general commutations of the generators of

Lveulz group !

->
generators
of
Notation

We know in quantom mechanics

T = xxP = ux( iV)

lets crite the operators es an anksymmetric tensor

+ is =
- i (x15 - n5 87)

where J3 = 51 and soon ..
The generalization to 4-vector

is

A=
= (446 - 4V2M)

We shall be able to compute now
that -

Entes]= i Caree as amegrd -no
the

+ 4 M6yve)-
lovculz

Any marizes
that are to represent this algabratcan be and

to find the representadion of Lorenz group
.

Lets find the representation corresponding
to spin 2

-
Lets me a

Rick und by Dirac
! If we have nxn matrices

Wh salslying

the anti-commutation
relation which is

Dirac =24arx1nxn (Divac

matrics algebra

then we could write docon an n-dimensional reprsentation

of Lovenlz algebra .
which is

(4,
24]I



We canadually show that this Jev salsly . This trick

can bered for any dimensionality
whether Lowenlz or Suchdan

malric - Lets work it in 3-dimensional Euchdean space where

We choose

25 = 165 (Paulisigma matrica)
Thus

& viriy = disc, isty = - 26 % 65]

-
~ 2 bif#
↓

This minus sim is

conventional-

The reprsentation will then be

where we have

six = [vi
,

5 ]i wed

= (D(6 % 65]

T I 26 % 653 =
2iitksh

I - i 2 i ziTK6
R 269, 65] = 26'#

sit
= ↳ file

-
d

This is the
2-dimensional

representation of rotation group
.

per

# We shall need
to find Divac malrice for Minkowski space

A

One representations in 2X2 block form is

6
i

o = : wi = (ii O ((
This representation is called Wey) or Chiral representation



thus using
saw = I (24,

w
W]2

Thus

soi = + [2%,:]

-[if fi :")-[:. ] Si . b
=

-[...] -[ :=]
Also we can calculate

and

so i shall find thatE-si
↓

This is not set = # [re; 25]
hernuhan

OI and thus transformation of
= t eith (6" sh(boosts is not unitary

O

-
=itqn

These are the generators

of the Lorentz group and
the foun component feed 4 that

transforms under boost and rotation als to the generators

are called Spinows ·




